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Going Around Gainesville Part I1

Create a graph that relates your distance from Gainesville and your distance from Athens during your
trip.

Jamboard
Link can be
found in the
Zoom Chat to
create an
online solution.
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Graphs are pervasive in
mathematics and mathematics
education, particularly in grade
6-16 teaching.

M AL,

Graphs are productive for a
number of reasons, but these
are not typically used to their
potential in the teaching of
graphs
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“IMathematical mental]
operations have to operate
on something” (Steffe,
personal communication)
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Quantitative and Covariational Operations
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Quantitative Operations are those operations of thought by which one
constitutes situations as entailing measurable attributes (e.g., length, area,
speed, currency) (Thompson, 2011).
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Covariational Operations are those operations of thought that involve
coordinating two measurable attributes including the ways they vary
together (e.g., how measurable attributes increase or decrease together)

(Carlson et al., 2002).
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Quantitative and Covariational Operations

Quantitative Operations include... unitizing, partitioning, iterating,
disembedding, scaling, segmenting, images of variation/covariation, etc...
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Covariational Operations include...amounts of change, coordinate of values,
chunky continuous, smooth continuous, scaling-continuous, etc...
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go visit Ellis, Carlson, Norton, Thompson, Paoletti, Hackenberg, Johnson, Frank, Lee, Stevens, Liang,
Tasova, Tallman, Fonger, Castillo-Garsow, Tillema, Ulrich, Steffe for detailed descriptions of specific
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Quantitative and Covariational Operations
have to operate on something...
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Quantitative and Covariational Operations
have to operate on something. ..

3 y = Sin(x)

Do not afford material on
which quantitative and
covariational operations can
operate. They are intended to
symbolize those operations.
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Quantitative and Covariational Operations

have to operate on something. ..

3 y = Sin(x)

Do not afford material on
which quantitative and
covariational operations can
operate. But they are intended
to symbolize those operations.
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Afford material on which
quantitative and covariational
operations can operate.
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Quantitative and Covariational Operations
have to operate on something...

A benefit of representations that entail material to operate on is that they

enable conceiving equivalence in the mathematical properties of those
operations.
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Figurative Thought
SAN AL
Operative Thought

AEH ALD



Figurative Thought (Piaget) =<7 -+

(Steffe, 1991)
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Figurative counting scheme: Steffe
identified that students could count without
objects but needed some form of

perceptual/sensorimotor re-presentation.
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Operative Thought (Piaget) o1,

Operative counting scheme: Steffe
identified that students could internalize
actions to the extent that a student
conceives “5” etc. as anticipated, mental
counts.
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Figurative and Operative Thought (Piaget)
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(Steffe, 1991)

Figurative Thought: Thought based in,
constrained to, and dominated by perceptual
elements and activity and its results so that the
results are not dissociated from the actions
themselves.

A 2 M2 £ Steffes s S0] 814
QIO|E +2 4 = oIX| ot o HiEfo
A2t ex YEHO| Wt
it

r|r 00}

ot
e
2% [Ho

Operative Thought: Thought that
foregrounds the coordination and re-
presentation of internalized actions and the
transformation of those actions.
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A Graphing Illustration
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A Graphing Illustration
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Going Around Gainesville Part IT

Create a graph that relates your distance from Gainesville and your distance from Athens during your
trip.

Distance from Athens

Distance from Gainesville




«dirj| gisfoloe” ““It’s Backwards”

®Gainsville

B
Athens

A solution that foregrounds operative
thought: The situation is conceived in
terms of the coordination of two
quantities’ magnitudes, and those
quantities are transformed to a
Cartesian orientation and coordinated
in a way to maintain that relationship

and produce a graph.
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A solution that foregrounds operative
thought: The situation is conceived in
terms of the coordination of two
quantities’ magnitudes, and those
quantities are transformed to a
Cartesian orientation and coordinated
in a way to maintain that relationship
and produce a graph.
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«diiff 22F0|0| 2 ““It’s Backwards”

- . Student: “As we travel...for equal
changes in distance from
/ i Athens...our distance from
Gainesville is also changing by the
A same amount...but it's
v {2 decreasing...by the same amount.”
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A solution that foregrounds
figurative thought: The way the
graph is drawn in its direction
(left-to-right from the vertical
axis) 1s focused on and privileged
more than quantities and their
relationship.
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10| R~ “It S Backwards”

Student: “Because it's
backwards...Backwards is
traveling from right-to-left. But I
think my graph is just, I think I’'m
just not clicking. I think I’'m
missing something.
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What Is A Convention?
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A Convention &&

A person has a convention in mind when that person has in mind:
(1) a concept (e.g., relationships or functions and their graphs),

el Ass 870 +2 UAs W, 20| 5= «7 Lt
(1) 7h'E (O A E£&= 2ot 22iZ),

(2) a community of individuals (e.g., a faculty of teachers),
2) 2071 21el SSH|(Of: LAFEL.

(3) and some re-presentational practice (e.g., x on the Cartesian horizontal
axis) that they perceive as a choice in that community among a variety of
equally valid choices (e.g., x on the Cartesian vertical axis).

(3) 22|12 LYot S S m=et AE(Of: A +H=0f x) SOM SSH U
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A Convention
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A (viable) graph of y = 3x that
we posed as a hypothetical
student solution, first without
the axes labels and then with
the axes labels.
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Design-informed convention: x
on the horizontal axis and y on
the vertical axes.
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A Convention &&=
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Category code HF TE PST Response Category Of|H| At HHEO| HF # out of 31
. . FFSo] B2 Hest 1efEE
Habitual use of “convention” Hypothetical student did not construct a correct graph TSR] QL 5
o5l SN ME JhAi0| stAi0| Kstst Hypothetical stud d h that is both d 11
Mo| staio| Mztst Hypothetical student constructed a graph that is both correct an 1nf?£recfAHo —_—
250 2 Aol B Jdej=& AH3MX[2  Uncertain if the hypothetical student constructed a correct graph i f ﬁl; oro 1? iH'E‘E 4
- - =1 11 =
Convention qua convention =2&%t Hypothetical student unquestionably constructed a correct graph < A G =S 11

AL
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Twenty of thirty-one prospective teachers claimed the graph did not
unquestionably represent y = 3x.

3182 O|H| nAF 2082 2| &gt Lie| 80| J2i =7ty = 3xS LIEHA| =Lt FFUCH
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“They messed up the placement of x and y.”
“OflH| W At= x2F yo| /XS AZRCE

“The horizontal axis should always be x and the vertical axis should always be y.”
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A Convention &&

A graph we posed with the
4 question “’Is there some way
- that we or a student could
"8 consider the graph as
Bae e representative of a function?”
and then the claim “x is a
function of y.”
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Design-informed convention: a
function’s input is represented

v on the horizontal axis.
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A Convention &&
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PST responses to the question, “Is there some way that we or a student could consider the graph as representative of a function?”.

PST Response Category OfH| A} B HH=E # out of 25

Yes, if rotated counter-clockwise 90-degrees Hl, SrAA S o2 90k =2|H s LD 6

Yes, if rotated counter-clockwise 90-degrees and axes relabeled so that y and x were represented along the vertical and horizontal axes, 5
respectively, in the new orientation Y, BEIA[A SO 2 90 S2|1 M2 WSO Z y7t NZ2ZX, x7t 7t2%0| =2 9| 0|22 HI|SHH 7HsEtL

Did not determine how a hypothetical student might claim that the graph represents a function; maintained that the graph does not represent a 14
function 7tetel obdol gt-E 'St daj=E OfEA FELX| 28 + lEUth &8 LiEes 2 =2 |X|ICh

Eleven of the twenty-five prospective teachers identified that rotating the graph (with some
requiring re-labeling) yielded a graph that was representative of a function.
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A Convention &5

PST responses to the statement, “x is a function of y.”. O|H|wAt= “x= y2| &==0|Ct"2t= A0 Ctsaf 20| CfE
Category code PST Response Category # out of 25
Habitual use of “convention”  Unsure 1
RSO STE AL Not true Y|, BIAAR LR 90k Z2|1 y7t MZS, x7t 7t2F0| E=5 =2| 0|§S ME7[SHH 7tsTfLItt 9
True, if rotated counterclockwise 90-degrees and axes relabeled so that y and x were represented along the 1
vertical and horizontal axes, respectively, in the new orientation
HE2EMO| 25 True, if graph is rotated counterclockwise 90-degrees U, BIA[AYEL 2 90k =2|H 7FSTLIC, 7
Convention qua convention True 7

Eighteen of the twenty-five prospective teachers stated that “x is a function of y” is not a true statement for
the graph as presented

2582 ofH| AL F 182 MA|E D2f=of CHSH "x= yo| ef=0|Ct"2h= FH| 7t &0l OfL 2t UL
“I mean these, the same X-Value can give you six different y-values.”
0] M= S xat0l MZ CHE 6712 yitE & = UCt= 2D YLoh
“If x 1s a function of y, well you can’t for it to be a function you can’t have more than one y-value for the x.”
"2HOF 7t yol =2t H, StLte| xOff CHOH StLt O 2| yats ZHAl= g7 & & Sltt= DAY L Lt

“This 1s the graph of y as a function of x.”
yol A== xof =L Lt
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Pulling Together Three Important Distinctions
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Pulling Together Three Important Distinctions
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i X ) Provide students sufficient opportunities
to enact and reflect on mental operations
ENrZan across a variety of situations and
LT material that afford those operations.
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Pulling Together Three Important Distinctions

Design opportunities that target figurati
= = gn opportunities that target figurative
k" T 2 = %)I ° and operative forms of thought in order to
| " engender and privilege the coordination and
=

transformation of mental operations rather
than perceptual features.

RZH SRECH YAN KXo ZYI ¢
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x ] Provide students sufficient opportunities
4 to enact and reflect on mental operations
] across a variety of situations and
material that afford those operations.
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Pulling Together Three Important Distinctions

Design opportunities that target figurative
AN = ; .
k" T 2 = %)I ° and operative forms of thought in order to
| —5" engender and privilege the coordination and
o a transformation of mental operations more
than perceptual features.
X248 SWEC YAN KXo ZYI BB
S| D SASHE = 17| 2ol Atne| HeXN,
ZXH HHE 7|2[& AT
Give students opportunities to establish Provide students sufficient opportunities

critical to representing some concept
from what is merely an element specific
to that representation or communication.

across a variety of situations and
material that afford those operations.

ofE JlES 5387 98l =3t HS SHES0|A =% 7tsor Cheot &2 at
CteSHA ®H2O|LE QAIAEO|Ets QAE R H EFE OfREE= FUHE =E S
TES I, SHESOAH &2 M2 71=E HAStD Htgst S 20 5=

2o ot Sl



Pulling Together Three Important Distinctions
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Provide students sufficient opportunities to enact and reflect on mental operations across a variety of
situations and material that afford those operations.
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Design opportunities that target figurative and operative forms of thought in order to engender and
privilege the coordination and transformation of mental operations rather than perceptual features.
XN SEPEC AN 20| YN Hekg SUAI7|2 SAISHER 57| Qs Abno| HHH, 2N HEE 7|28
A5t
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Give students opportunities to establish conventions when differentiating what is critical to
representing some concept from what i1s merely an element specific to that representation or
communication.

1S BHASH| R 2% AS HEdtA BWO|L QM2 E0|2ls Q42 R E FEY O,

=

o

M=

Jot

Ml = Of| A

r



Pulling Together Three Important Distinctions
A 8 530 st
ENACT AND REFLECT ON OPERATIONS

RIS AED BHYBICE

COORDINATE AND TRANSFORM OPERATIONS TO CONCEIVE EQUIVALENCE DESPITE
FIGURATIVE DIFFERENCES
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UNDERSTAND CONVENTIONS AS A CHOICE THAT IS NOT REQUIRED
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We (mathematics educators) often fail to do
these things.
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ENACH N—D—REFLECT QN—QP—E-PQAEHQNS

..y K=1 Aal'c'ig"dFQ H} o

n
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YA ' CORTUY
y=sin@ for 0=0= 2w

Presenting graphs as finished Emphasizing or moving immediately
products or as definitions. to equations, tables, and other
I E M El AFEZ0|L} / / \\ \ inscriptions and symbols that don’t
Molz MA|8H7| st afford enacting operations.
| Foure 3.20 The graph in (a) rises and II- = &L HEXAH AI — = A
‘( h’ndi[upwurd. The graph in (b) rises and =S 7|- o o'—l- OI- S =, i El- A-I = Ol L|-
bends downward. The graph in (c) falls 7| QE §Z| 7C>|'_7F_6|- -I L.l' Xl Ol 7|
ud bends upward. The graph in (d) falls
and bends downward.

Restrict graphs to one

. . e = E SHLEQ|
orientation. bk = L
HisEo 2 K| st



COORDINATEAN

XII-C’ AXXlg (=

///” g
@ (b) el
FouRe 3.20 The graph in (a) rises and
bends upward. The graph in (b) rises and
- bends downward. The graph in (c) falls
| ﬁm‘;‘gy";‘:’d’ ghe PO sl D | 0 [30° 4s°]0°| 161ag 135" 00| 225° a0
ward.
S"“‘|0| 5|7’|37| I a7l ]. $’|O |.5|.7/|.87| /| ~§7
Restrict graphs and their properties to Not giving attention to coordinating
one orientation. or transforming to conceive

Jdef=et O MELS Lo equivalence.
Yo 2 Aot SA|E O|F

/|
H 5H81= 74 0j|

Define things based on  xjztx =Ex/0 7|8t5t0] M9
perceptual features.



FIGURE 8

Therefore, as illustrated by

Focus on skills and procedures that Give no attention to the personal
require “conventions” be followed

establishment and need for
conventions.
&0 Cist 7§ Q1™ =&t
Qo soHX| 47|

"H50| Zegt7lsa
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ﬂ
2

Present definitions that require
“conventions’ be followed
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ENACT AND REFLECT ON OPERATIONS
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Allowing students to construct graphs
and enact operations across multiple Mot
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orientations, while emphasizing that  xxzo myms= 72
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COORDINATE AND TRANSFORM OPERATIONS

xxtg ZYorn W

Allowing students the opportunity to

. . =%x2 o|2 o|sll SHAHE
encounter multiple coordinate __C;Lﬂ fP _'1;1"'72' ;l; ;}1 :?7]3 ?I*Pll
. . . o L = (®) o
systems and orientations in order to l:}c?tgr Ha iﬂ 7 ;r H*&?H—I
extend the relationships they’ve Ol=sh = ol 7|3|=
) . =& = A= 71212
constructed in order to conceive H 257

equivalence.



COORDINATE AND TRANSFORM OPERATIONS

g zyetn H

Allowing students the opportunity to

. . ==l J =3 = O|laH SHAH =
encounter multiple coordinate S ﬂ fP (—).1_'_72' I{ ;}1 ks = 9'
systems and orientations in order to TSoh BAIS ASD| o
: : ) Crsot zte MA b 2eto
extend the relationships they’ve OpEst & o 78| =
. . T T e =
constructed in order to conceive ETTI =
o

equivalence.



COORDINATE AND TRANSFORM OPERATIONS

xxtg ZYorn W

#*Lengths are measured
relative to 1/(n/2) of
the magnitude between
the two poles.

Allowing students the opportunity to

. . = = = Ol SHAH =
encounter multiple coordinate S ﬂ s (—).lf'_il I{ ;}1 Sesol
systems and orientations in order to Tdeh A S =Tohs| 2|}
extend the relationships they’ve Craor ZHa MA 2 Sesof
. bs they: o 5 e 7|32
constructed in order to conceive 27|
o

equivalence.



Allowing students the opportunity to
experience a need for establishing
conventions while understanding that
they need not be followed.
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S A CHOICE THAT IS NOT REQUIRED
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Framing Foundations for Future Learning

Oj2h ots= et EO =2 &



Framing Foundations for Future Learning

Oj2h ote= et EO =2 &
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Framing Foundations for Future Learning
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Framing Foundations for Future Learning
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3D Plotting
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Framing Foundations for Future Learning
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Framing Foundations for Future Learning
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Framing Foundations for Future Learning
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Pulling Together Three Important Distinctions
M2 £89 8¢

Provide students sufficient opportunities to enact and reflect on mental operations across a variety of
situations and material that afford those operations.

SISO I Jh5Y LISt 48T T8 0le2E MAIN KAZ AystD try

Muto

o=
S

o

M St

—

rot

Saot

Design opportunities that target figurative and operative forms of thought in order to engender and
privilege the coordination and transformation of mental operations rather than perceptual features.
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Give students opportunities to establish conventions when differentiating what is critical to
representing some concept from what i1s merely an element specific to that representation or
communication.
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Three Important Distinctions for STEM Learning
STEM S50M M| F28 53
Provide students sufficient opportunities to enact and reflect on mental operations across a variety of

situations and material that afford those operations.
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Design opportunities that target figurative and operative forms of thought in order to engender and
privilege the coordination and transformation of mental operations rather than perceptual features.
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Give students opportunities to establish conventions when differentiating what is critical to
representing some concept from what is merely an element specific to that representation or
communication.
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